ON THE ALGEBRAICITY OF THE ZERO LOCUS OF AN 
ADMISSIBLE NORMAL FUNCTION 
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Abstract. We show that the zero locus of an admissible normal function on 
a smooth complex algebraic variety is algebraic. 



1. Introduction 

Let 5 be a complex manifold and % be an integral variation of pure Hodge 
structure of weight w < which is defined on a Zariski open subset S of S. 
M. Saito |Sai96j defines an admissible normal function on S with respect to S to be 
an extension class 

^ -H ^ V ^ Z(0) (1.1) 
in the category VMHS(S')|'^ of variations of mixed Hodge structure on S which are 
admissible relative to S (see loc. cit.). Via Carlson's formula |Car87j . an admis- 
sible normal function corresponds to a holomorphic section v : S ^ Ji'H) oi the 
associated family of generalized intermediate Jacobians J(H) S which satisfies a 
version of Grifhths horizontality and has controlled asymptotic behaviour near the 
boundary of S in S. The purpose of this paper is to prove the following. 

Theorem 1.2. With the above conventions, let v : S ^ Ji'H) admissible 
normal Junction with respect to S. Let Z — Z{i') — {s £ S : v{s) — 0} denote the 
zero locus of v . Then the topological closure of Z in S is the underlying set of a 
closed analytic complex subspace of S . 

In this paper we use the notation NF(S', H)g^ to denote the group of normal 
functions v : S which are admissible with respect to S as above. If S is 

has an algebraic structure, then, by Nagata and Hironaka, there exists some smooth 
algebraic compactification S. However, for S algebraic the notion of admissibility 
is independent of the choice of smooth compactification S oi S [Sai96, Remark 1.6 
(i)]. Therefore we follow [Sai96] and write NF{S,n)'"^ instead o{NF{S,n)f for 
the group of admissible normal functions on S. The following corollary is then 
immediate from GAGA. 

Corollary 1.3. If S is algebraic then the zero locus of an admissible normal func- 
tion V : S ^ J{'^) algebraic subvariety of S . 



For w — —1 the assertion of Corollary (|1.3p was a conjecture of Phillip Griffiths 
and Mark Green. At least in the case that w ~ —1, Theorem (|1.2p has also been 
proved by Christian Schnell |Sch09] . In Schnell's work it is a consequence of the 
existence of a "Neron model" extending the family J{H) — > S over S. The full 
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theorem is used in our joint work jBPS) with Christian Schneh where we prove the 
generahzation of the theorem of Cattani, Dehgne and Kaplan to admissible varia- 
tions of mixed Hodge structure. The paper jKNUlO' by K. Kato, C. Nakayama and 
S. Usui indicates a proof of the theorem using the log classifying spaces developed 
by those authors. 

To prove Theorem 11.21 it suffices (Theorem 13. 1|) to consider the case that D = 
\ is a normal crossing divisor. Working locally on 5", we are then reduced to 
proving the following theorem. 

Theorem 1.4. In the context of Theorem \1.2\ suppose D :— S \ S is a normal 
crossing divisor and that p ^ D is an accumulation point of Z. Then there exists 
an open polydisk P C S containing p and an analytic subvariety A of P such that 

Ans = znp. 

Notation: 

— A'' is a polydisk with holomorphic coordinates s = (si, . . . , s^); 

— A*^ C A'' is the set of points where si ■ ■ ■ s,. ^ 0; 

— [/'' C C is the product of upper half-planes; 

— Points z ~ (zi, . . . , Zr) € C are written z ^ x + iy where x — (xi, . . . , Xr), 
and y = . . . e M''; 

— TT : ^ A*'' is the covering map given by Sj — e^^'^^ for j = 1, . . . , r. 

— The underlying vector space of a filtration or mixed Hodge structure is 
denoted V. If V is defined over a subring i? of C the associated i?-module 
is denoted Vr; 

— Elements of GL(y) act linearly on filtrations of V, e.g. {g.FY = g{F^). 
Elements of GLiV) act on endomorphisms of V via the adjoint action, 
i.e. g.Y = gYg'^. 

Overview. In section [2] we review and extend the theory of variations of real 
mixed Hodge structure in VMHS(A*'')^,.. These have a very concrete local normal 
form which can be expressed in terms of matrix-valued holomorphic functions. We 
state several results concerning the asymptotics of these variations section [21 in 
particular, Theorem [229] which is a strong boundedness result. Some of the proofs, 
in particular the proof of our main boundedness result Theorem 12.291 are deferred 
to the last section of the paper. 

In section [3l we reduce the proof of Theorem [L4] to the analogous statement on 
the poly-punctured disk. In section [4] we use the results stated in section [2] to give 
an explicit system of equations for Z an. a, punctured polydisk A**". 

The remainder of the paper is devoted to the proofs of the results concerning 
variations of real mixed Hodge structure stated in section [51 
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2. Admissible variations on the punctured polydisk 

Here we collect results about the structure over variations of mixed Hodge struc- 
ture on the punctured polydisk A*'' which are admissible relative to the polydisk 
A'' . In this section, all variations of mixed Hodge structure will be variations with 
real coefficients and the emphasis will be on asymptotics. 

Local normal form. Let V be an admissible variation of graded-polarized mixed 
Hodge structure over a punctured polydisk A**" with unipotent monodromy Tj = 
e^^ about Sj = 0, with weight filtration W. Let V be any fiber of V and define gc 
to be the Lie subalgebra gl{Vc) consisting of all elements which preserve W and 
act by infinitesimal isometrics on Gr'^ Vc. Then, the limit mixed Hodge structure 
{Foo , M) of V defines a distinguished vector space decomposition 

flc = q®0c=°, q = qI'LmV (2.1) 

r<Q,s 

where is the stabilizer of the limit Hodge filtration. Relative to this decompo- 
sition, we can then write (cf. (6.11) |PeaOO) ) the period map 

of the pullback V to the universal cover tt : ^ A**" as 

i^(zi,...,z,) = e^. -.^.e^f^i-'^'-^.i^^ (2.2) 

where T(s) is a q-valued holomorphic function which vanishes at the origin. This 
is called the local normal form of the variation V. 

Nilpotent orbits. If V ^> A**" is an admissible variation of mixed Hodge structure 
over the punctured polydisk A**" with local normal form (|2.2p then the associated 
map 

e{zi, . . . , Zr) = e^^ ''""'.F^ 

from C into the "compact dual" of is called the nilpotent orbit of V. (See |PeaOO] 
for the notion of compact dual.) 

In general, given a classifying space M. with "compact dual" A4, a nilpotent 
orbit with values in is a holomorphic, horizontal map 

^^„iip(2i, . . . , z.) = ^^^^ .F :C'^M (2.3) 

such that 

(a) iVi, . . . , Nr are nilpotent, mutually commuting elements of the Lie algebra 
0R := 0c n qI{Vr); 

(b) There exists a constant K > such that 

(Zl, . ..,Zr) £ M 

for aU z e C with Ini(zj ) > K. 
In particular, -Fniip defines a variation of mixed Hodge structure Vniip on the set of 
points in A**" where \sj\ < e~^'^^. Accordingly, we say that i^niip is admissible if 
Vniip is admissible. 

Via the formula (|2.3I) , a real nilpotent orbit is completely determined by the data 
(A^i, . . . ,Nr;F, W) consisting of nilpotent operators Ni, . . . , Nr on a real vector 
space V together with a an decreasing filtration F of Vic and a decreasing filtration 
W oiV. 
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Remark 2.4. For the remainder of this paper, we will suppress the data of the 
graded-polarization when discussing nilpotent orbits. 

Given an admissible nilpotent orbit (A^i, . . . ,Nr;F, W) be an admissible nilpo- 
tent orbit define 

j 

In |Kas86) Kashiwara proved the following results concerning relative weight 
filtrations associated to admissible nilpotent orbits. (We refer to loc. cit. for the 
notion of a relative weight filtration.) 

Theorem 2.5. Suppose (Ni, . . . , N^; F,W) is an admissible nilpotent orbit. Then 

(a) The relative weight filtration M(N{v), W) exists for every vector v G R>q; 

(b) For each subset I C {!,..., r}, let C{I) denote the monodromy cone 
J2^ei ^>oNt in 0K. Then the filtration M{C{I),W) = M{N,W) is con- 
stant for N e C{I); 

(c) Let I = {l,...,r} and M = M (C(/), W) . Then, (F, M) is a mixed Hodge 
structure with respect to which each Ni is a {—l,—l)-morphism. More 
generally, if I is a subset of {1, . . . ,r} with complement I' then 

Oi = (exp(^ z,N,).F, M{C{I),W)) (2.6) 
jei' 

is an admissible nilpotent orbit, and each Ni e / is a (—1,-1) morphism 
of the mixed Hodge structure on the right hand side of (|2.6p ; 

(d) // / and J are subsets of {I, ... ,r} then 

M{C{I),M{C{J), W)) = M{C{I U J), W) 

Deligne Gradings. Given an increasing filtration W oi a, finite dimensional vector 
space V over a field of characteristic zero, a grading of V is a semisimple endomor- 
phism YofV such that Wk is the direct sum of Wk-i and the fc-eigenspace Ek(Y) 
for each index k. By a theorem of Deligne [Del71j . a mixed Hodge structure (F, W) 
induces a unique, functorial decomposition 

= r^' (2.7) 

of the underlying complex vector space Vc such that 

(a) FP = (Br>pr^'] 

(b) Wk=®r+s<kr^'\ 

(C) = mod ®r<q,s<p r^'. 

In particular, a mixed Hodge structure {F, W) induces a grading Y(^p Y/) of Vc by 
the requirement that ^(f.iv) ^-cts as multiplication by p + g on /P'"^. 

Deligne Systems. Let {Ni, . . . ,Nr;F,W) define an admissible nilpotent orbit 
and let W'^ , . . . ^W' be the sequence of increasing filtrations defined by the re- 
quirement that W° = W and = M{Nj,W^~'^). Then, by a theorem of Dehgne 
[Del93| [Sch01|, IBP06] . the data (TVi, . . . ,Nr, Y(^f,w^)) defines a sequence of mutually 
commuting gradings (in the notation of equation (3.3) of [BP06| ) 

Y^^Y^P,^.^, Y^-' ^Y{NrX'): (2.8) 
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such that Y'^ grades W''. Furthermore, if {F, W^) is spht over M this construction 
gives the corresponding gradings of the SL2-orbit theorem |CKS86| IKNU08| . More 
precisely, let {F,W^) denote the sl2-splitting of {F,W^), and {Y^} be the corre- 
sponding system of gradings. Let Hj = Y^ — Y^~^ and Nj denote the component 
of Nj with eigenvalue zero with respect to ad Y^^^ for j — 1, . . . , r. Then, each pair 
{Nj, Hj) is an sl2-pair which commutes with (iVfc, Hk). 

Our main interest in Deligne systems will be in the grading 

Y° = Y{N,,Y{N2,...,Y^F^wn)) (2.9) 

obtained by applying the construction in (j2.8l) recursively. 

Note that the proof of Deligne's theorem is pure linear algebra. In particular, it 
applies to situations that do not necessarily arise from Hodge theory. In the termi- 
nology of [SchOlk Definition 2], a finite dimensional vector space V equipped with 
a finite increasing filtration W'^ and r commuting nilpotent operators A'^i , . . . , Nr 
and an operator y preserving is called a Deligne system if 

(i) VFJ+i = MiNj+i,Wj) exists for j > 0; 

(ii) W'+^lw} = M{Nj+i,W^w.), for each j and £ and each i < j; 

(iii) N, e End(F) for i < j and N^ e End{V) for i > j; 

(iv) y splits and preserves each W^. Moreover [Y^,Ni] = —2Ni for all i. 
Deligne's theorem [SchOll Theorem 2], shows that the data (iVi . . . ,Nr; W'^) of a 
Deligne system gives rise to a system of splittings F'^ of the as above. 

In particular, if we start with an admissible orbit (A^i, . . . ,Nr,F, W) and choose 
vectors vi, . . . ,Vd G R'' such that the N{vi) all lie in the closure monodromy cone 
C({l,...,r}) and ELi ''^i ^ ^>o^ tlien the data {N{vi), . . . , N(vd); F,W) again 
defines an admissible nilpotent orbit. Thus we obtain a system of gradings as 
above and, in particular, a grading Y^ — Y{N{vi),Y{N{vd), ■ ■ ■ , Y(p^M))) of W. 

Remark 2.10. // {F, W) is a mixed Hodge structure then the data {N — 0, F, W) 
determines an admissible nilpotent orbit for which the associated grading (|2.9p is 
just Y(^p^w). 

Splittings. Let {F, W) be an R-mixed Hodge structure with underlying vector 
space V, and qI{V) = 0^ j, qI{V)°'''' be the bigrading (|2.7I) for the mixed Hodge 
structure induced by (F, W) on the Lie algebra Qi{V). Define 

V;^^) = (2.11) 

a,b<0 

Then, on account of the defining properties (a)-(c) of the bigrading (12.71) it follows 
that 

TP,q _ TP,q 

^(g.F,W) ~ y-^(F,W) 

for all g £ exp(A^j^^',^j ). 

Theorem 2.12 (Deligne, Prop. (2.20) |CKS86) ). ; Given an R-mixed Hodge struc- 
ture {F, W) with underlying vector space V , there exists a unique, functorial element 

^efli(FR)nA-;-; 

such that {e~'^^ .F,W) is split over M.. Every morphism of {F,W) commutes with 
5; thus the morphisms of {F,W) are exactly the morphisms of {e~'^^ .F,W) which 
commute with this element. 
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The proof of Lemma (6.60) in jCKS86| contains the impUcit construction of 
another functorial sphtting operation (cf. equation (3.30) in |CKS86j ) 

{F,W) ^ {e-^.F,W) (2.13) 

on category of R-mixed Hodge structures which is optimal for the study of nilpotent 
orbits. More precisely, if for any mixed Hodge structure (i^, W) we define 

then one of the major components of the S'L2-orbit theorem of |KNU08) can be 
stated as follows: 

Theorem 2.15. |KNU08| Let {Ni, . . . ,Nr;F, W) generate an admissible nilpotent 
orbit and y{m) G MJ" be a sequence of positive real numbers such that the ratios 
yj+i(rn)/yj{m) tend to for j = l,...,r upon formally setting yr+i{m) = 1. 
Then, 

lim Y,,.^,y^^» pyy.=Y{Ni,Y{N2,...,Y(F,wn))- (2-16) 

In this paper, we call the splitting operation (j2.13|) the s^-splitting. In |KNU08) . 
()2.13p is called the canonical splitting operation and ^ is denoted as e{F,W). The 
proof of Lemma (6.60) in CKS86] gives a recursive formula for ^ in terms of the 
Hodge components of Deligne J-splitting for {F,W). In |BP11] . we prove the fol- 
lowing result due essentially to Deligne. 

Theorem 2.17. [Del93] The sl2-splitting is the unique, functorial splitting of M.- 
MHS which is given by universal Lie polynomials in the Hodge components of 
Deligne's S-splitting such that if {e^^ .F,W) is a admissible nilpotent orbit with 
limit mixed Hodge structure (F, M) which is split over K then the Deligne grading 
of the splitting of {e^^ .F, W) is a morphism of type (0, 0) for [F, M). 

Remark 2.18. It follows from |CKS86[ Lemma 3.12] that {e"^^ .F,W) is a mixed 
Hodge structure whenever {e^'^ .F,W) is an admissible nilpotent orbit with limit 
split over because, in that case, the W graded quotients are SL2 orbits. 

The notion of Deligne system does not appear in jKNU08| . To extract (j2.16p 
from |KNU08| , we need the following lemma from an unpublished letter of Deligne 
to Cattani and Kaplan. (The reader can find a proof in [BPll] .) 

Lemma 2.19. |Del93l[BP06llBPll| Let {N;F,W) be an admissible nilpotent orbit 
(in one variable) with limit mixed Hodge structure {F,M) split ower M. Then 

%'-.F,w)^y{N,Y^F,M)) (2-20) 
In particular (cf. }Del93)[KP03]|BP09] ). it follows from equation ^^TM) and The- 
orem ((2T7)l that Y{N, Y(^p^M)) is a morphism of type (0, 0) for (F, M). We wiU use 
the following extension of this result. 

Lemma 2.21. Let (iVi, . . . , A^,.; F, W) define an admissible nilpotent orbit. Then, 
Y = r(iVi, r(iV2, . . . , Y(Nr,Y^F,w^)))) 

preserves the Deligne H''^ 's of {F,W^'). Furthermore, if {F,W^) — {e~^ .F,W^) is 
the sh-splitting of {F, W^) then 

Yim,Y{N2, . . . , Y{Nr, Y^p^M)))) = e-«.r(iVi, y(iV2, . . . , r(iV„ Y^p^M)))) 

Proof. See Lemma 15.61 □ 
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Remark 2.22. Implicit the second part of Lemma (|2.21|) is the statement that f 
preserves each weight filtration . This is explained in the proof of Lemma \5.6l 

For future reference, we now record the following: 

Lemma 2.23. Let a be a morphism of type (—1, —1) for the mixed Hodge structure 
{F, W). Then, {e^°' .F, W) = {F , W) for both the Deligne and 8l2-splitting operation. 

Limiting Gradings. The (standard) vertical strip in is the set of points 

I = {z^x + iy\x, e[0,l], y,e [1, k)) } (2.24) 

For a point z = x + iy G we define tj = yj+i/yj, where we formally set yr+i = 1- 
Let Sr denote the group of permutations of {1, . . . ,r} and a £ act on C by 
permuting coordinates. Then, 

/ = U.es.a(/') (2.25) 
where J' = { z G J | G (0, 1] Vj }. 

Definition 2.26. A sequence of points z{m) = x{m) + iy{m) in /' is said to be 
tame if limm_j.oo Xj{m) and limm->.oo ijijn) exist for each index j. A tame sequence 
is said to be sh-sequence if there exists 

(a) A linear transformation T : M"* — > M''; 

(b) A sequence v{m) G IR>oi 

(c) A convergent sequence b{m) G 
such that 

y{m) = T{v(m)) + b{m) 

and limm_j.oo Vj{m)/vj+i(rn) — for j — 1, . . . ,d (with Vd+i(rn) = 1 as usual). An 
sl2-sequence is said to be strict if c? = r, b{m) — and T is the identity. 

In particular, since (|2.25l) is a finite union, we have: 

Lemma 2.27. Let z{m) = x{m) + iy{m) £ I be a sequence of points. Then, there 
exists an element a £ Sr and a subsequence z{m') of z{m) such that a{z{m')) is 
an s\2-sequence. 

Given an sl2-sequence with associated linear transformation T as above, let 
{ei, . . . ,ed} denote the standard basis of R'^ and define 0^ — T{ei). Then, while 
neither d nor the transformation T : R'' R*" is uniquely determined by the SI2- 
sequence y{m), the associated flag defined by the increasing sequence of subspaces 

e^' = m' (2.28) 

depends only on the sequence y{m). 

. We are now ready to state our main theorem concerning the asymptotic behaviour 
of variations of mixed Hodge structure. 

Theorem 2.29. Let V be an admissible variation of mixed Hodge structure on 
a poly-punctured disk A*^ with unipotent monodromy and associated local normal 
form l|2.2p . Let z{m) — x{m) + iy{m) be an s\2-sequence with corresponding flag 
(11251). Then, 

lim e~~(-(™».r(^^(,(„)),^)=y(Ar(^?i),y(iV(02)^... (2.30) 
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Remark 2.31. The statement of equation (I2.30|) implicitly assumes that yj — > oo 
for each j . In the case where only yi, . . . ,yi diverge the limit Hodge filtration Foo 
should he replaced by 

lim -"'^''''^^^^ .F{z{m)) 

and weight filtration should he replaced by . In the extreme case where z(m) 
is hounded, £ = in the previous equation and Theorem p.29p is just the continuity 
of the SI2 -splitting. 

The proof of Theorem (|2.29p wiU take up most of this paper. However, we would 
hke to bring to the reader's attention the obvious fact that, as the left side of the 
equation in the theorem depends only on the choice of flag (j2.28|) the right-hand- 
side must also depend only on the choice of this flag. Indeed it an elementary 
exercise using the properties of Deligne systems to show that the right-hand-side 
of (|2.30p depends only on the flag 6. 

Remark 2.32. Theorem (|2.29p has also been obtained independently by Kato, 
Nakayama and Usui [ KNUj in their study of classifying spaces of degenerations 
of mixed Hodge structure. In particular, as part of their study of log intermediate 
Jacohians [KNU08| . they obtain an independent proof of Conjecture p.2p . 

Finiteness. One immediate corollary of Theorem (|2.29l) is the boundedness of the 
function z 1— > Y(^p(^2),w)- 

Corollary 2.33. Let F{z) be the period map of an admissible variation of mixed 
Hodge structure over A*^ . Let I denote the standard vertical strip (|2.24p for . 
Then the function z i— >■ i^F(z).w) bounded on I. 

Proof. Otherwise, we can find a sequence of points z{m) € I on which Y^F(z(m),w) 
is unbounded. Passing to an sl2-subsequence, we then obtain a contradiction to 
Theorem ((2:29)) . □ 

This boundedness gives rise to finiteness which will be important for integral 
variations. 

Corollary 2.34. Let V be an admissible variation of integral mixed Hodge structure 
over A*^ with unipotent monodromy. Then, with the notation as in Theorem (j2.33p . 
the set y of integral gradings in the image of the map z Y(i?(2)^vF) ^ runs over 
the vertical strip I is finite. 

Proof. If Y^p^^zYW) is an integral grading, then (clearly) it is a real grading. It 
follows that Y(^F(z),w) = Y(^f(z),w)- (To see this note that, in the terminology 
of jKNUOSl §1.2], 5{F, W) = Q and this implies that e{F, W) = 0.) Therefore, the 
set of integral gradings of the form y(F(z),w) as z ranges over / is bounded and 
discrete. Thus it is finite. □ 

3. Reductions 

Our next job is to reduce Theorem 1 1.2 1 to the case that 5^ is a poly disk and S is 
a punctured polydisk. We begin with some review about germs. 

3.1. Let X be a topological space. Write S for the presheaf (in fact, a sheaf) 
associating to every open U d X the set of all subsets of U. (If V G U , the map 
S{U) S{V) is given hy Z ^ Z C\ V). The set of subset germs at a point x £ X 
is the stalk Sx- li Z C X then the germ of Z at a; is the image of Z m Sx- 
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3.2. If X is a complex analytic space we write A for the presheaf (also a sheaf) 
associating to every open subset U oi X the set of all complex analytic subspaces 
Z of U. The set of germs of complex analytic subspaces at a point x € X is the 
stalk Ax- We write A^ for the subsheaf of reduced subspaces. There is an obvious 
inclusion A^ S. We say that a germ Z (z Sx is analytic if it is in the image of 
this inclusion. 

3.3. Let X be a complex analytic space, let x G X and let Z E Sx he a, subset germ. 
We say that / £ Ox,x vanishes on Z if there is an open neighbourhood U oi x such 
that / is regular on U and vanishes on a subset Zjj of U whose germ is Z. We 
write Iz,x for the set of all / G Ox,x which vanish on Z . Clearly, Iz,x is an ideal 
in Ox,x- By the Noetherian property of Ox,x it is, therefore, finitely generated. 
We define the Zariski closure ClZar^; Z of Z at x to be the analytic subspace germ 
corresponding to Iz,x- We say that Z is Zariski dense in X if every point of X is 
in ClZara; Z. (If X is reduced this means that ClZar^; Z = X.) 

3.4. Let be a complex analytic space with Zariski dense regular locus 5^reg (for 
example, any reduced complex analytic space). Let S C S^cg be a Zariski open 
subset. A variation of mixed Hodge structure V on 5 is admissible relative to S if, 
for any resolution of singularities tt : T ^ S with T :— n^'^S biholomorphic to S", Vt 
is admissible relative to T. Note that if the above property holds for one resolution 
of singularities T — >■ S it holds for all. This defines a category VMIIS(S')|'^ which 
is, in fact, equivalent to the category VMIIS(T)|J^ for any resolution T — )• 5. li H 
is a variation of Hodge structure of negative weight on S, we define NF(S', H)'^ — 
Extyj^jjgjg^ad (Z,-H) = l^F{T,nT)^ where tt : T ^ T is any resolution with 
TT : 7r^^(5') — > S" an isomorphism. 

Theorem 3.1. Let r be a non-negative integer, then the following are equivalent. 

(a) Let S — A**", S = A*"; let % be a polarized variation of pure Hodge 
structure of negative weight, with Hz -torsion- free and with unipotent mon- 
odromy on S; and let v G NF(S', 'H)!'^ . Let Z(v) denote the closure of the 
zero locus Z{u) in the analytic topology of S . Assume that the germ of 
Z{v) at is Zariski dense at 0. Then, the germ of Z[u) at coincides 
with the germ of S at 0. 

(b) Let S, S and H be as in (a), but drop the assumption that the germ of Z{i') 
at is Zariski dense. Then the germ of Z^v) at is analytic. 

(c) The same statement as in (a) holds without the assumption that Tiz is 
torsion-free. 

(d) The same statement as in (b) holds without the assumption that % has 
unipotent monodromy. 

(e) Let a and b be non-negative integers with a-\-b = r, let S — A*'^ x A^ and 
S = A''+''. LetTL be a variation of pure Hodge structure of negative weight 
on S and let v G NF(S', "H^g . Then the germ of Z{y') at is analytic. 

(f) Theorem ] 1 . 2\ holds in the case that S has dimension r and S\S is a normal 
crossing divisor. 

(g) Let S be a complex analytic space of dimension r and let S be a Zariski 
open subset of 5icg . Let H be a variation of Hodge structure of negative 
weight on S and let v G NF(5, H)^^ . Then the topological closure Z(v) is 
the underlying space of a closed complex subspace of S. 
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Proof. We prove the entire theorem by induction on r. The equivalence is obvious 
for r = (since ah of the individual statements hold unconditionally). 

(a) (b): Let Z denote the Zariski closure of Z{i') at 0. Shrinking the polydisk 
5^ if necessary, we can assume that Z is analytic subspace of S and that Z contains 
Z(i^). We can also assume that dimZ < r. Let vz denote the restriction of ly to 
the regular locus of Z. By induction (g) applies to show that Z(yz) is a closed 
complex analytic subspace of Z . Since Z,(yz) = Z{v) n Z^eg is Zariski dense in Z , 
this implies that Z{v) = Z . 

(b) ^ (c): Let 'Htors denote the torsion part of % and Hfrec := H/7^tors denote 
the torsion-free part with tt : "H Hfrce the projection map. Then, for v G 
NF(5,'H)|^ we have Z{v) = Z{ti(v)) (because ExtJ^Hs(^>^) = for H a torsion 
mixed Hodge structure). 

(c) (d): By Borel's theorem, the monodromy of % is quasi-unipotent. There- 
fore we can find a positive integer d such that the pull-back of % to A**" via the 
map f : S —> S given by (zi, . . . , Zr) ^ {zi, . . . , 2^) has unipotent monodromy. By 
assumption, the germ of Z{f*{v)) at is analytic. Since / is proper, the proper 
mapping theorem implies that the germ of Z{v) at coincides with the germ of 
f{Z{v)) at and is analytic. 

(d) => (e): We induct on r := a + h starting with a = = where the statement 
is obvious. For i £ {1, . . .r} set Si :— {z £ S : Zi = 0}, and set So = A*''. For 
i e {0, . . . , r} let denote the restriction of to Si. Then Z{i') = \Jl^QZ{i/i), 
so Z(i') = \Jl^f^Z{vi). By hypothesis, the germ of Z{vq) at is analytic and, by 
induction, for each i > the germ of Z{vi) at is analytic. It follows that the germ 
of Z{y) at is analytic. 

(e) => (f): To prove that Z{v) is analytic, it suffices to prove that its germ is 
analytic at each point s E S. Since S \ S is a, normal crossing divisor this follows 
from (e) and from the obvious fact that the germ of Z^v) is analytic at every point 
s e 5. 

(f) ^ (g): Set C :— S\S. By Hironaka |Hir64| . we can find a proper morphism 
TT : T — > 5 where T is smooth, D = 7r~^(C) is a normal crossing divisor and tt : 
T \ D — >■ S* is an isomorphism. Then, setting T := T\D, n induces an isomorphism 
T:*'NF{S,n)f = NF{T,'H)f [SalMl Remark 1.6 (i)]. Let £ NF{S,n)f be a 
normal function, and let Zt = {s £ T : 7r*(j^) = 0}. Suppose Zt C T is complex 
analytic. Since tt is proper, the proper mapping theorem shows that it{Zt) is a 
analytic and Z = ttIZt). 

(g) =^ (a): obvious. □ 

Lemma 3.2. Let H he a pure Hodge structure of weight w < and with Hj^-torsion 
free. Let v £ ExtJ^^jjg (Z, iJ ) he represented by the short exact sequence 

0^ H ^Z^O (3.3) 

with V = (Fz, F, W). Then u = 0^ Y(f,w) e w End(Fz). 

Proof. li V = 0, we have V ~ Z ® H . So, every v £ Vz can be written as 
V ^ r + h with r G Z and h £ H. Clearly, Y^p\Y){v) — wh £ wVz. 

Suppose Yi^pw) G wEnd(T^). Then the map ■^Y(^p^r) is a morphism of 
mixed Hodge structure from V to H inducing a retraction of the sequence p.3p . □ 
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Corollary 3.4. Let SjSjH and v he as in Theorem \3.1\ (b), and let v he given by 
an extension 

of mixed Hodge structures on S = (A*)". Let {F{z),W) be the local normal form 
ofV on C/" with F{z) = e^(^)e'^(").i^oc,- Then 

Z{v) = {s e 5 : s = e'^''\Y{,F{.),w) e «^EndVz}. 

4. Analyticity of the zero locus 

We now prove Theorem (|1.2p assuming Theorem (|2.29p and the results on the 
Dehgne systems and the sl2-sphttings stated in section [2] In fact, we will deduce 
the theorem as a corollary of a more general result concerning admissible variations 
on punctured polydisks. 

4.1. Set 5 = A*'', S* = A*" and tt : [/'' S* be as in the discussion preceding (|2.2p . 
Let V e VMHS(5)|^ with V and the local normal form of V 

as in (|2.2I) . To fix the notation, we remind the reader that N(z) — ^ ZiNi with Ni G 
End V<^ and that Vq comes equipped with the weight filtration W . By definition, the 
limit mixed Hodge structure is (F^,M) where M = W'' = M(Ni + . . . + Nr,W). 

For z ^ , set Y{z) = Y(p(^z).w)- Let / denote the vertical strip 12.241 Then, for 
each integral Y e EndV, set B(Y) {z e / : Y{z) = Y} and C{Y) = 7t{B{Y)). 

Theorem 4.1. Suppose C{Yz) is dense Zariski dense at the origin in S for some 
Yz e Endy. Then C{Yz) = S. Moreover, [Ni,Yz] = for all i. 

Proof. By assumption, is a limit point of C{Yz) in the usual topology. Therefore, 
we can find (possibly after permuting the coordinates) an sl2-sequence z(m) S / 
such that Y{z(m)) — Y^ for all m (and Zi(jn) is unbounded for each i). 

Write z(m) = x(m) + iy(rn) with x,y real and set = lml^n-^oo x{m). Write 
^ for the sl2-splitting of (i^oo,M). (In the notation of [KNU08| . ^ = e{F^,M).) 
Then, by Theorem [2J9] and Lemma [Mil 

= e^('').y(7V(0i), YiNie'), Y^p^,^,^)) 
= e^('')e-«.y(iV(0i), y(7V(02)^ . ,y(F^,Af)). 

To simplify the notation, we write Foo = Y{N{e^),Y{N{e^), . . . ,Y(^p^^M)) and 
£,=£, — N{fj,). Then, since ^ commutes with the Ni we have 

Yi^e-^.Yoo- 

Now, for any operator A on V, write AP'"^ for the component of A in Qf''^{V)(^p^^M)- 
By Lemma [2.211 Yoo = Y^^ . In other words, Y^o preserves the L^p Likewise, 
adYoo preserves the subalgebra q. 

Lemma 4.2. Suppose z S B{Yz). Then 

e^^^\Y^ = e-^'^^lY^. (4.3) 
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Proof of Lemma Recall that by equation p.ip we have gc = 0c°° ffi q where 
Qff° stabilizes the limit Hodge filtration. Therefore, since Y{z) and e^*^^^e'"'^''-'.yoo 
both preserve F{z) it follows that Y{z) - e^^^^e^^^lFoo preserves F(z) and hence 

/(z) = e-r(^)e-^(^).y(z)~roo 

takes values in 0^°°. On the other hand, since z G Bi^-i) and Yi = we also 

have 

/(z) = e-r(^)e-^We-«.y^-r^ 

In particular, since r(s), N{z) and ^ are elements of q and adYoo preserves q it 
follows that f{z) takes values in 

0C°° n q = 

□ 

Lemma 4.4. The two linear map Loo ■ C*" — End Vc given by z [N{z), Kx,] and 
Lz : C — > End Vc given by z i-^ [N{z),Yz\ have the same kernels. 

Proof of Lemma \4-4\ This follows directly from the fact that ^ commutes with 
N{z). □ 

Since Yz is integral, we can find a subset 17 C {1, . . . ,r} such that the [A'j,yz] 
form a basis of iz(Q'") as j runs through il. Thus there exists rational numbers 
(3ij {i e {1, .., r},j G Q) such that 

Clearly fijj = 1 for j e il. Likewise, applying Ad(e^) to the previous equation, it 
follows that 

So, since ^ commutes with A^i, . . . , Nr, setting Li = [Ni, Fqo], we have 

Multiplying equation (|4.3p by and using the fact that f commutes with N{z), 
we see that 

z e B{Y) ^ eJe^(-'\Yoo = e^'^'^'lYoo. (4.5) 
Again, since Yinf ~ Yinf^--^ with respect to (Foo,Af) while and each Ni is a 
morphism of type (—1,-1) if follows that 

Set 7(s) = (e*e'"^'*^.Foo)~^'~^- This is a holomorphic function on S which, bv (|4.5p . 
must be equal to 

r 

for z e Since CiYz) is Zariski dense at the origin and 7(5) lies in Loo(C'') 

for s G C(lz), 7(5) must lie in Looi'C^) for all s G S'. Since the Lj,j G 17 form a 
basis of ioo(C''), we can write 7(3) = Sjen Iji^)-^] f'^'" s ^ S. 



ZERO LOCUS 



13 



Therefore 

r 

1=1 

We can find a positive integer b such that 6/3^ G Z for all So we have 

r 
i=l 

Exponentiating both sides we find that z G B{Yz) 

r 

exp(27ri67j (s)) = *f " ' ^ ^- (4.6) 

2=1 

By our assumption that C{Yz) is Zariski dense at 0, (|4.6p must hold identically 
identically on 5. Since the left-hand-side of the equation is non-vanishing and 
holomorphic on a neighbourhood of the origin, this forces /3ij — for all Thus, 
since (Hjj = 1 for j G il, we have = and [-/Vi,Foo] = for all i. Since N{z) 
commutes with Yoo and with ^, it commutes with Yz- Thus we have 

z e B{Yz) ^ e^<^'KY^ ^ Yz. 

As the above equation is a holomorphic equation for C{Yz), it must hold identically. 
Thus we have C(Yz) = S. Moreover, since r(0) = 0, we have Y^o — Yz- 

This completes the proof of Theorem 14. II □ 

Corollary 4.7. Suppose v e NF(>5', H)!"^ and suppose that Z{y) is Zariski dense 
at the origin in S with % and S as in Theorem \3.1\ Then Z{i') = S. 

Proof. We write 

for the extension corresponding to v. Since, by Corollarv l2.341 the density of Z{v) 
at the origin implies that there is a 1^ such that C{Yz) is also Zariski dense. Then 
use Theorem 14. II □ 



5. Deligne systems I 

In the remainder of this paper we will work exclusively with admissible variations 
of M-mixed Hodge structure. 

. We now reduce the proof of Lemma 12.211 to a corollary of the following sequence 
of lemmata: 

Lemma 5.1. |Del93j If {N; F,W) defines an admissible nilpotent orbit with limit 
mixed Hodge structure split over R then, in the notation of (|2.8p , the SL2 splitting 
of the mixed Hodge structure (e'^.F, VF) is (e'^.F, VF). 

Proof. We have ^(giN fw)~ ^(-^j ^(f,m)) by the second line in the proof of Theo- 
rem 2 of the appendix to |KP03| . (In |KP03) , the notation A'o is used to denote the 
0-eigencomponent of N under the operator Y{N,Y(^p^M))i which is denoted by TV 
in this paper.) It follows from Lemma [2.19l that F^giN pw) ~ ^(e'™.F,M)- Therefore 
the SLa-splitting of (e*^.F, W) is equal to (e**.F, W). □ 
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Suppose now that (A^i, . . . , Nr; Fr, W) defines an admissible nilpotent orbit with 
hmit mixed Hodge structure spht over R. Following the notation of (|2.8p . let 
W'^, . . . , be the associated system of weight filtrations. Recall that by |CKS86] 
and |Kas86) that 

is an admissible nilpotent orbit, and hence {e^^^'.Fr, W^^^) is a mixed Hodge struc- 
ture. Accordingly, 

is an admissible nilpotent orbit with limit mixed Hodge structure split over R, where 
{Fr-i,^-^) = (e'^'-.Fr, W^'-i) is the sla-splitting of (e'^-.F^, VF'^-^). Iterating 
this construction, we obtain a sequence of mixed Hodge structures 

and associated nilpotent orbits (zi, . . . , Zj) e^k<j ^''^'^ ,Fj. 

In particular, given the data (iVi, . . . , Nr; Fr, W) of an admissible nilpotent or- 
bit with limit mixed Hodge structure split over M, the sequence of gradings 
constructed in (|2.8p is given by = Y^^j, ^j^. Since Ni,...,Nj are (—1,-1)- 

morphisms of {Fj, W^), it follows that 

[Nk,Hj]=0 (5.2) 
for j > k where as in ^^E^, Hj = Y^ - Y^-\ 

Lemma 5.3. Let (Ni, . . . , Nr] Fr, W) define an admissible nilpotent orbit with lim- 
iting mixed Hodge structure {F, M) split over R. Then, 

= Y{N,,Y{N2, Y{Nr, r(^,M)))) 

preserves F. 

Proof. To begin, we recall that {Ni, Hi), ... , {Nr, Hr) form a commuting system of 
sl2-representations |Del93l ISchOl) . Consequently, 

[f^7Vfc]=0 (5.4) 

for i < k. Indeed, this is true by definition for j — k — I. Suppose that j < k — 2. 
Then, 

[Y',Nk] = -[{Y^+^ -Y^) + --- + {Y''-^ -Y''~^),Nk] 
= + ■ ■ ■ + H''-\ Nk] = 

By the prior paragraphs, 9{z) = {e^'^'^ .Fi,W) is an admissible nilpotent orbit 
with limit mixed Hodge structure split over R, and hence by Lemma (j2.19p . 

f"(Ff ) C F[ 

Using the identity Fi — e^3>i ,F and the fact that Y^ commutes with aU Nj, it 
then follows from the previous equation that Y'^ preserves F. □ 

To pass from admissible nilpotent orbits with limit mixed Hodge structure split 
over R to the general case, we now use the following sequence of lemmata. 
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Lemma 5.5. Let {Ni, . . . , Nr] F, W) generate an admissible nilpotent orbit with SI2- 
splitting {F, W^) = {e~^.F, W^). Then, ^ preserves each associated weight filtration 
WK 

Proof. The SL2 splitting is functorial and each is a filtration of the limit mixed 
Hodge structure [F, W"^) by subobjects. It follows easily that ^ preserves each 

□ 

We now prove result stated in Lemma 12.211 

Lemma 5.6. Let {Ni, . . . , iV^; F, W) define an admissible nilpotent orbit with sh- 
spUtting {F,^) = (e~«.F, VF''). Then, 

Y{Ni,Y{N2, . . .,Y{Nr,Y^p^^r^))) = e'^ .Y{Ni,Y{N2, . . .,Y{Nr, Y^f,w^))) 

Proof. The operator ^ commutes with A^i , . . . , Nr since f is a universal Lie polyno- 
mial in the Hodge components of Deligne's (5-splitting {e^^^ .F, W"^) of {F, W^) and 
S commutes with all (—1, — l)-morphisms of (F, W^), and hence in particular with 
Ni, . . . , Nr. Furthermore, since 

and ^ preserves W^~^ and commutes with iVr, we have (by the properties of 
Deligne's construction jKP03] ) 

Y{Nr,Y^p,^,.^) = e-^.Y(Nr,Y^F.wn) 

Iterating this process, we obtain, 

r(7Vi, r(7V2, . . .,Y{Nr,Y^p^^,^))) = e-«.r(iVi, r(7V2, . • .,Y{Nr, Y^F,wn))) 

□ 

Corollary 5.7. Let (Ni, . . . , Nr; F, W) define an admissible nilpotent orbit. Then, 

Y = r(iVi, r(7V2, . . . , Y{Nr,Y^F,wn))) 

preserves the Deligne I^ '^ 's of {F, W^'). 

Proof. Let Y denote the analog of Y obtained by replacing (F^W^) by the SI2- 
splitting (F, VF''). Then, Y is real and preserves both F and W^' . Therefore, Y 
preserves 

IP? ^ F^nFin W\ 
{F.w) ^'^ p+q 

By the previous lemma, it then follows that Y preserves I^p-^r) since F = e^.F. □ 

6. Deligne Systems II 

In |KNU08j ■ Kato, Nakayama and Usui attach to any admissible nilpotent orbit 
with data (Ni, . . . , Nr; F,W) an associated semisimple endomorphism t{y). For 
later use, we now derive a formula for t{y) in terms of the gradings Y^ constructed 
above. To this end, let us assume for the moment that (iVi, . . . , Nr; F, W) underlies 
a nilpotent orbit of pure Hodge structure of weight k. Let {Fr, W^) denote the SI2- 
splitting of (F, VF''), and recall that in this case is the monodromy weight 
filtration W^(A^)[— fc] for any element N in the cone of positive linear combinations 
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of iVi, . . . , Nr. In particular, since any such is a (—1, — l)-niorphisni of (F,-, W^) 
it follows that the pair {N, Yj^) ) where 

defines an sl2-pair. As above, we can iteratively define Y(j) — — kl using the 
nilpotent orbit (A^i, . . . , Nj; Fj). Define, 



where tj — yj+i/yj, and hence ti . . .tr = yr+i/yi = l/yi- Accordingly, 

iiy)=y[^'^^W^^,tf\ 

By Theorem (0.5) of |KNU08| . the mixed version of t{y) is to be constructed as 
follows: If (A^i, . . . ,Nr;F, W) defines an admissible nilpotent orbit then 

provided that tj — >■ for all j. Let tk{y) denote the semisimple endomorphism t{y) 
attached by the previous paragraph to the induced nilpotent orbit of pure Hodge 
structure of weight k on Gr^ . Then, t{y) is constructed by multiplying each tk{y) 

--k 

by yi ^ and then lifting the resulting semisimple element to the ambient vector 
space via the grading Y^. Accordingly, since the gradings Y^, . . . ,Y^ are mutually 
commuting, it follows that 

t{y) = n^.i tf (6.1) 

Remark 6.2. For a nilpotent orbit of pure Hodge structure, the elements are 
infinitesimal isometries of the polarization. Consequently, although t{y) is not an 
element of Gc since it is the twist of an automorphism of the graded-polarizations 

by y^ ^ , the action o/Ad(t^ (y)) preserves Gc- 

The following result appears in Proposition (10.4) of |KNU08| with slightly dif- 
ferent notation: 

Lemma 6.3. Let {Ni, . . . , A^^; F, W) define an admissible nilpotent orbit. Then, 



Ad (t-i(y))e^j '''' 



_eP 



where P is a polynomial in non-negative half integral powers of ti, . . . ,tj. with con- 
stant term iNi + i X]j>i -^i- 

Proof By (jOj) . 

Ad(t-Hy))ykNk = (nj<k-itr5Y^)(nj>ktpY^)y^Nk 

where Nk is (—1, — l)-morphisni of {Fj, W^) for j = fc, . . . , r, and hence [N^, Y^] = 
—2Nk- Consequently, 

iUj>ktJ^^' )VkNk = t/c . . . UykNk = Nk 
On the other hand, Nk preserves for j < k. Therefore, 

{li.^kU'^''' )Nk 
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is a polynomial in non-negative, half-integral powers of tj for j < k. Taking the limit 
a.s ti, . . . ,tr it then follows that the constant term of P is i nI where is 
the projection of Nk to no<j<fc ker(ad Y^) with respect to the mutually commuting 
gradings . Accordingly, Nf — Ni, whereas for fc > 1, we can first project onto 
ker(ad Njc-i) to obtain N^- By (|5.4p . commutes with Y^ for j < k, and hence 
nI = Nk. □ 

Remark 6.4. For nilpotent orbits of pure Hodge structure, this statement appears 
in Lemma (4.5) of [CK89] ; note however that in |CK89j . tj is defined to be yj /vj+i 
which is reciprocal to our convention. 

7. Relative Compactness 

Let / and /' be subsets of W as in (|2:24)) and Let F : U ^ M he the 

period map of an admissible variation of mixed Hodge structure over A*'' with local 
normal form F{z) — e^'-^^e^^^^.Foo as in (|2.2I) . Let t{y) he the associated family of 
semisimple endomorphisms (j6.ip . In this section, we will prove the following result, 
which is due to Cattani and Kaplan in the pure case jCK891 Theorem 4.7]. 

Lemma 7.1. The image of the set /' under the map 

F{z,, ...,Zr.)^ t-\y)e- . . . , z,) 

is a relatively compact subset of the classifying space A4 . 

Remark 7.2. In Theorem (4.7) |CK89| . Cattani and Kaplan define tj — yj/yj^i, 
which is reciprocal to our convention. 

For each index j = 1 , . . . , r let 

= r(0, ...,0,Sj+i,...,Sr) 

Then, for each j we have an associated partial period map 

F,(zi,...,z,) = e^. ^^■^^■er^-(«).Fo. (7.3) 

which takes values in Ai for Im(z) sufficiently large. Indeed, (|7.3|) is the nilpotent 
orbit obtained from F{z) he degenerating zi, . . . , Zj. 

Remark 7.4. As in Proposition (2.6) of [CK89] . it follows via equation (6.10) of 
[PeaOOj that 

Tj € ker(adNi) n • • • n ker(adNj) (7.5) 
To compactify future notation, we define Fo{z) = F{z) and set 

Fjizi,...,zr)^t-\y)e'^^ .F,{zi, . . . , z^) (7.6) 

for j ^0,...,r. 

Definition 7.7. Let z{m) G U"^ be an sl2-sequence, and suppose that tj{m) 0. 
Then, we say that z{m) has non-polynomial growth with respect to yj (or Zj) if 
there exists a subsequence z(m') of z(m) such that 

hm ^^ifV^O (7-8) 

m'^oo yj(m') 

for every d > 0. In particular, unless a sequence of points z{m) G /' is bounded, 
there exists a smallest index l such that z{m) has non-polynomial growth with 
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respect to j/t (since we formally define yr+i(m) ~ 1). If z{m) G /' is bounded, we 
define l — 0. 

To employ the notion of non-polynomial growth in aid of the proof of The- 
orem (I2.29P we recall the following elementary observation about convergent se- 
quences: 

Lemma 7.9. Let be a topological space. Then, a sequence am in E converges to 
a if and only if for every subsequence a'^ of am there exists a subsequence a!^ of 
(T^„ such that cr,"j — > a. 

Accordingly, given an sl2-sequence z(m) in order to show that 

it is sufficient to show that, for every subsequence z'{m) of z{m), we can find a 
subsequence z"{m) such that 

Y{F(z"(m)).W) — ^ y\ira 

In particular, since each z'{m) is an sl2-sequence, it has a corresponding smallest 
index t with respect to which it has non-polynomial growth, and hence we can pass 
to a subsequence z" (m) of z'{m) for which equation (I7.8P holds for y^. 

As such, it is sufficient to prove Theorem (12.29^ for sl2-sequences z{m) satisfy- 
ing (|7.8|) since the right hand side of ()2.30|) only depends on the original sequence 
z{m) and the associated nilpotent orbit. Moreover, we may pass to a subsequence 
of z{m) as necessary. 

Theorem 7.10. Let z{m) = x{m) + iy{m) G /' be an sl2-sequence. Let l be the 
smallest index with respect to which z{m) has non-polynomial growth with respect 
to Assume that (|7.8p holds on z(rn). Then, 

^(F(z(m)),14') ~ Y^F,(z(m)) ,W) ^' (7.11) 

upon passage to a suitable subsequence. 

Proof. Assume Lemma (|7.ip . If t = 0, then (|7.1ip is a tautology because F,, = F. 

Assume therefore that t > and observe that both F{z) and F^{z) arise from 
period maps with the same nilpotent orbit, and hence the same associated family 
()6.ip of semisimple endomorphisms t{y). Therefore, 

e'^^-\F{z) = e'^^y^e^^'KF^ 

= Ad (e™(y))(er(^)e-r'(^))e™(y)er'(^).Foo 

= Ad(e''^(>'))(er(^)e-r'(^))e-^W.F,(zi,...,z,) 

Consequently, 

Fiz) = t-\y)e-^^-\F{z) 

= t-\y)Ad (e™(''))(ei^(^)e-i^'(^))t(y)t-i(y)e-NW.F,(zi, . . . , z,) 

= Ad (t-i (y)) (Ad (e™(y) ) (e^^^^e"^' )) .F. (z) 

= e^W.F,(z) 
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where 

e^(-) = Ad(t-i(y))(Ad(e'N(>'))(ei^(^)e-r'(^))) 

= Ad (Ad (t-i(y))e™(y))Ad (t^^ (y))(e^('^e-^'(^)) 

By Lemma (|6.3p . we know that 

Ad(t-i(y))(e^^ iyjN,) ^gP(t) ^^^^2) 

where P{t) is a polynomial in non-negative half-integral powers of ii, . . . , (with 
constant term). Accordingly, 

e^(^) = Ad (eP('))Ad (t-i(y))(er(^)e-r'(^)) 

To analyze the asymptotic behaviour of e^^^-*, define r(s) to be the unique 
nilpotent operator satisfying 

gf(s) ^ gr(s)g-r,(s)^ 

Then, since r(0) = if Si, . . . , = 0, it follows that there exist q-valued holomor- 
phic functions /i , . . . , on A'' such that 

Moreover, the identity \sj \ = e"^'^^^ coupled with the order structure 

yi>y2>--->yr>i (7.13) 

on /' implies that \sj \ < \s^\ for j — I, . . . , l. Shrinking A"" if necessary, we can then 
find a constant K such that 

\ns)\<K\s,\ 

Consider now a sequence z{m) e /' such that t is the smallest index such that 
z{m) has non-polynomial growth with respect to z^{'m). Then, by construction, the 
quantities yi(rn), . . . ,yi^{m) must satisfy some set of mutually polynomial bounds, 
otherwise we contradict the definition of l. Therefore, since t{y) acts semisimply by 
multiplication by monomials in half-integral powers of ti, . . . , on its eigenspaces, 
it follows that (after increasing K if necessary) 

|Ad (t-i(y))f (s(m))| < Kyf (m)|s,(m)| (7.14) 

for some half-integer d. 

Combining the above remarks, it then follows that 

lle^^^^^^-lll <^2/fM|s.(m)| (7.15) 

for a suitable constant K. 

To continue, observe that the operator norm of Ad (e^j '^jNj) is bounded on /' 
since x € [0, 1]'' is compact. Accordingly, (for any fixed norm) 

ll^(F(z),Ty) - ^(F,(2),iy)ll < -f'^'ll^(e-"(=").F(z),W) " ^(e-«(^) .^.(z),^) 1 1 

for some suitable constant K'. Accordingly, (|7.1ip is equivalent to 

lim ^(e-iV(x(m)) j^(2(m)),W) ~ ^(e-"(="<'")).F,(z(m)),iy) ^ ^ 
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In particular, since t{y) is a real automorphism which preserves W, 

^(e-"(==('")).F(z(m)),W) ~ ^(e-"(^(™))._F,(z(m)),W) 

= ^(y('^))-(^(e-B(^('")).F,(2(m)),W) ~\F,{z{m)),W)) 

Moreover, by Lemma (j7.ip . after passage to a subsequence, we can assume that 
F^[z{m)) converges to some point in Ai. By the real-analyticity of the map 
(F, W) n> Yi^F.w) it then follows that 

^"(ei3(z(™)) .^^(^(to)) VF) = '^'^'■^'■™''''-^(F,(z(m)),lV) (7-16) 

where e*^*-^*-™-'-' — 1 satisfies a bound of the same form (|7.15p as e^*-^*-™^-* — 1. There- 
fore, 

^(e-"(^("».F(z(m)),W) ~ '^(e-"(^("».F,(z(m)),W) 

= t(y(m)).((Ad(eC(^(-))) - l)Y(p^(,(,„)),w)) ^ 

on account of the fact that t{y) acts by half-integral powers of ti,...,tr and 
y|(m)(e*-^^^^'"-'-* — 1) — ?■ for = 1, . . . , r and every half-integer i. □ 

To continue, we now prove Theorem (j2.29p in the case where F{z) is a nilpotent 
orbit: 

Lemma 7.17. Theorem (j2.29p is true for admissible nilpotent orbits. 
Proof. Let z(m) — x{m) + iy{m) G /' be an sl2-sequence. Then, 

y{m) — T{v{m)) + bim) 
as in definition p.26p . Accordingly, 

with 6'\ . . . , 6''' as described in 

Now, for any fixed element b G W, the data (iV(6li), . . . , N {6'^) , e^^ '^^'^ .F^o^W) de- 
fines an admissible nilpotent orbit with limit mixed Hodge structure (e*^*^''-'.i^ooj W). 
By Lemma (g^Sl), 

and hence by (|2.16l) it follows that i^^j:^ ii.j(»n)jv(£)j)^i„(6) ^ converges to the 
grading 

independent of b. By Theorem 10.8 of [KNU08) it then follows that for variable 
b confined to the interior of a compact set that there is a constant c such that if 

Tj = Vj+ijvj < c then 

■",«(''^)e-('».F<»,H^) = exp(w(T;6)).f 

where u(r, b) is a real-analytic function of t = (ti, . . . , r^) and 6 with u(0, 6) = 0. 
Accordingly, 



□ 
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Corollary 7.18. Let z{m) be an sh-sequence for which equation (|7.8|) holds for 
either l — or l = r. Then, equation (j2.30|l holds along a subsequence of z{m). 

Proof. For i — Q the sequence is bounded, and the statement foUows from the 
continuity of the sl2-sphtting. For 6 = r we first use Theorem (I7.10|) to reduce the 
computation of the Umit (j2.30p to the corresponding nilpotent orbit and then use 
the previous Lemma. □ 

Corollary 7.19. Theorem (j2.29p is true for variations over A*. 

Proof. This follows from the previous Corollary since over A* any sl2-sequence 
z{m) must have either t = Oort=l. □ 

It remains to verify Lemma (|7.ip for variations of mixed Hodge structure. For 
this, we will modify Corollary (12.8) of |KNU08j which asserts that if z{m) is a 
strict sl2-sequence then the limit 

Fb = lim t^^(ii{m)).F{z{m)) = lim t-^{y{m)).Fr{z{m)) (7.20) 

exists, and belongs to the classifying space M.. We begin with the following result: 

. A sequence of points s{m) G A**" is a strict sl2-sequence if s{m) = 7r(z(m)) for 
some strict s^-sequence z{m) S where tt : ^ A*^ is the covering map defined 
by Sj = e^'^'^J for j ~ 1, . . . , r. 

Lemma 7.21. /// : A"* — > C 6e a holomorphic function which vanishes along every 
strict sl2-sequence s{m) £ A**" then / = 0. 

Proof. Strict sl2-sequences z{m) = x{m) + iyim) e J7'" are equivalent to pairs 
of sequences {x{m),t{m)) such that x{m) is a convergent sequence in [0,1]'' and 
t{m) is a sequence in (Ojl]*" which converges to zero. Indeed, given a strict SI2- 
sequence z{m) = x{m) + iy{m) we define t{m) = {ti{m), . . . ,tr{m)) via the usual 
rule tj{m) — yj^i{m)/yj{m). Conversely, given {x{m), t{m)) as above, the sequence 
z{m) = x(m) + iy{rn) obtained by setting yj(m) — (tjim) ■ ■ ■tr{m))~^ is a strict 
sl2-sequence. In particular, since the differential of the map 

t^{t^,...,tr)e{{),lY ^{yu...,yr)^W^^ 

defined by j/j ~ {tj . . .tr)^^ is an isomorphism at each point t E (0, 1]'', it follows 
that given any point So £ A*'' on a strict sl2-sequence s(m), there exists strict 
sl2-sequences passing through every point on neighbourhood of Sq. In particular, if 
/ vanishes on every strict sl2-sequence then / = 0. □ 

To continue, we now prove Lemma (j7.1|) in the case where F{z) is an admissible 
nilpotent orbit generated by (A^i, . . . , Nr; F, W). 

Proof of Lemma ()7.1|) for admissible nilpotent orbits. Let {F,W^) — {e~^ .F,W^) 
denote the s/2-splitting of {F, W^). Let t{y) be the associated family of semisimple 
endomorphisms. Then, 

t~\y)e^^ 'y^^^.F = e^WAd(t-i(y))(e«).F (7.22) 

because t~'-^{y) fixes F. 
Given A e End{V), let 

(7.23) 
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where A'^ is the eigencomponent of A on which Ad (t^^(y))A'^ = t^^^ ■ ■ •tr^'^'A'^. 
Then, by Lemma (|5.5p 

i.e. = unless 5 is a vector with non-negative coordinates. Accordingly, 

=Ad(t-i(y))e 

is a polynomial in non-negative, half-integral powers of ti,. . . ,1^. Therefore, the 
image of any sequence z(m) in /' under the map 

z ^ t-\y)e'^^ylF = e^We«(*).F (7.25) 

has a convergent subsequence in the compact dual A4. Now, a point in M belongs 
to A4 if and only if it induces polarized Hodge structures on Gr^ . By Lemma 
(|7.ip for variations of pure Hodge structure, the image of /' in Gr^ via the map 
(|7.25p is a relatively compact subset of the sum of the corresponding classifying 
spaces of pure Hodge structure. Therefore, the image of /' under the map (I7.25P is 
a relatively compact subset of . □ 

Let 5 = (5i , . . . , 6,.) G Z''. Define a partial order on the group Z'' by declaring that 
6 > if 6j > for aU j, and 6 < otherwise. If 5 < then w{b) = min{ j | 6^ < }. 



Lemma 7.26. Let 



m = J2 ^"i') (7-27) 

be the decomposition of T with respect to the action o/Ad(t^^(y)) as above. If 
T'> ^0 andb<0 then T^^j,) = 0. 

Proof. The proof of Lemma (|6.3p shows that 

Ad (t-i(y))(e^W) = eQ('^^*) 

where <5(x, t) is a polynomial in half-integral powers of ii, . . . , with constant term 
and coefficients which are polynomials in xi, . . . By the above conventions 
(with P{t) and ^{t) constructed using the nilpotent orbit attached to F{z)), 

t-\y).F{z) = eQ(^'*)e^WAd(t-i(y))(er(^))e«(').Foo 

Consequently, since Q{x,t), P{t), T{s) and ^(t) all take values in q (see p.ip ). it 
follows that equation (|7.20p holds along strict sl2-sequences if and only if 

Ad(t-i(y))(r'^(s))^0 

along strict sl2-sequences for each index b. Indeed, t^^{y).Fr{z) = t~^{y)e^'^''\Foo 
is obtained from the previous equation by setting F = 0. Consequently, 

Suppose now that & < and T^{s) ^ 0. Let w — w{b). Then, 

tt ■..tl'^{r\s)-ri{s))^o (7.28) 

along any strict sl2-sequence since 

w 

T\s)-Tl{s)^Y.'>'9k (7.29) 

k=l 
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where gi, . . . , are q-valued holomorphic functions and 61, ... , bw-i > 0. 
Therefore, Ad (t^i (y))(r>^(s)) along strict si 2-sequences if and only if 

along strict sl2-sequences. In particular, via a choice of basis, r^(s) is represented 
by a matrix of holomorphic functions in the variables s^+i, ■ ■ ■ , Sr- Let / denote a 
typical matrix entry of rj|,(s). Then, the previous equation holds if and only if 

...t?''V(s) ^ (7.30) 

along strict sl2-sequences. If / 7^ then by Lemma (I7.21[) it follows that there 
exists a strict sl2-sequence s(m) = TT{z(rn)) on which / is non- vanishing. Fur- 
thermore, since / depends only on s„,+i(m), . . . , Sr(?7i), we have the freedom to 

-b -b 

select zi^m), . . . , z^lm) in such a way that . . .tr ^ becomes unbounded (since 
6u, < 0). But this contradicts (|7.30l) since / does not vanish along s{m). □ 

Corollary 7.31. For any weight h = (61,. ..,6^) G Z*", the function AA {y))Y'° {s) 
converges along any s\2-sequence z{m) € /'. 

Proof. Suppose that z{m) is bounded. Then, Ad (t~^(y))r''(s) converges since both 
Ad (t^^(y)) and r''(s) converge. Likewise, if 6 > then Ad (t~"'^(y))r^(s) converges 

along every sl2-sequence since both r''(s) and t'l^^ ■ ■ ■tr^'' converge. 

Assume therefore that z{m) is unbounded and 6 < 0. Let w — w{h). Then, by 
the previous Lemma, rj^(s) — and hence by equation ()7.29p 

w 

T\s)^T\s)-Vi{s) = Y,s,gu (7.32) 

k=l 

where gi, . . . ^g^^ are q-valued holomorphic functions. By the order structure (|7.13p 
on /' it follows that yi > for £ = 1, . . . ,w and hence 

seti''^ ■■■t^'''' ^0 (7.33) 

along any sl2-sequence since |sf| = e^^'^^'^. Combining equations (|7.32p and (|7.33p . 
we obtain the convergence of Ad (t^^(y))r^(s) along sl2-sequences since the remain- 

-b -b 

ing factor ^ ■ ■ ■ converges since 61, ... , bw-i > 0. □ 

Corollary 7.34. Let z(m) be an sl2-sequence. Then, 

F{z{m)) Ff^eM 

Furthermore, the value of F^ depends only the limiting values of the sequences tj{m). 
Proof. By the above remarks, 

F{z{m)) = e^(*nAd (t-i(y))er("))e«(*).Foo 

Moreover, along any sl2-sequence, P{t), Ad (t^^(y))r(s) and £,{t) converge to lim- 
iting values in gc which only depend on the limiting values of tj (m) . This forces 
F(z{m)) to converge to a point F^ of the "compact dual" Ai of Ai. In particular, 
since elements of qc preserve W , it follows from Lemma (|7.ip for variations of pure 
Hodge structure that Fj is an element of . □ 
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End of Proof of ()7.ip . To complete the proof of Lemma (|7.1|) for variations of 
mixed Hodge structure, observe that every sequence z(m) e /' contains an SI2- 
sequence z'{m). Applying the previous corollary to F{z'{m)) we see that the image 
of /' by F is a relatively compact subset of . □ 

8. Polarized Mixed Hodge Structures 

In this section we prove two technical results about deformations of admissi- 
ble nilpotent orbit using the theory of polarized mixed Hodge structure outlined 
in \CKE9\ . 

Lemma 8.1. Let (iV"i, . . . , A^^; F, W) generate an admissible nilpotent orbit. Then, 
there exists a neighbourhood ^ 0/ G gc H ker(adNi) n • • ■ H ker(adNk) such that 
for all a A, {Ni, . . . , Nk; e".F, W) generates an admissible nilpotent orbit. 

Proof. The map 

is horizontal since Nj{FP) C FP'^ Njie'^.FP) C e".FP-^. Likewise, since 

(A^i, . . . ,Nk;F, W) is admissible, all of the required relative weight filtrations exist. 
It remains therefore to show that there exists a constant c such that 

(e^:, '-^^^e°'.F,W) 

is a graded-polarized mixed Hodge structure for Im(zi), . . . ,Im(zfc) > c. 

Since A^i, . . . , Nk and a preserve W, we can assume without loss of generality that 
W is pure of weight £. Via a Tate-twist, we can assume that (e^j ^^^^e".F, W) is 
pure and effective of weight £. By Theorem (2.3) of |CK89] . it is therefore sufficient 
to show that e^^e".F is a nilpotent orbit of pure Hodge structure of weight £, 
where N = J2j ^j- 

To continue, we note that since a commutes with Ni, . . . , Nk it follows that 
a preserves the monodromy weight filtration W{N). Since we already know that 
p ^ nilpotent orbit of weight £ (polarized by some bilinear form Q), it then 
follows from the theory of polarized mixed Hodge structures (see: |CK89| ) that 
it is sufficient to show that e".F induces a pure Hodge structure of weight j + £ 
on the primitive part (with respect to N) of Gr^'^^" ^' which is polarized by 
Qe{*,*) — Q{*,N^*). But, this is an open condition on a G ^ which is true for 
a = since e'^^ .F is a nilpotent orbit. □ 

Given a nilpotent orbit generated by (TVi, . . . , Nr; F, W) let t{y) be the associated 
semisimple operator (|6.ip . Then, the corresponding semisimple operator 

t,(y) = H,>,tj''^ 

attached to the nilpotent orbit generated by (iVi+i, . . . ,Nr;F, W") is obtained from 
t{y) by setting ti, . . . ,t, = 1. 

Lemma 8.2. If k < £ and a S ker(adNk) then each eigencomponent of a with 
respect to adY^ belongs to ker(adNk). 

Proof. By the Jacobi identity, 

[Nk, [Y\ a]] = [[Nk, Y%a\ + [Y\ [Nk, a]] = [2Nk, a] = 

since [Nk,Y^] = 2Nk. Consequently, each eigencomponent of a must also belong 
to ker(adNk) since adNk decreases eigenvalues with respect to adY^ by 2. □ 
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Corollary 8.3. // a commutes with Ni, . . . , then so does Ad (t^ "'^(y))a. 

Proof. Decompose a with respect to . . . , and apply the previous lemma. 

□ 

Lemma 8.4. For k < l, Ad (t~"'^(y))ykNk — yk/y^+iNk and hence 
Ad (t~^(y))e'^''<< yt^k ^ giEk<. (yk/yi+i)Nk^ 

Proof. By ^6l} . 

t,{y) = n,>. tf' - y:;i'"^'n,>. (8.5) 

Accordingly since [Y'-+'^,Nk] = -2A^a_, for fc < t + 1 whereas [Nk, Hj] = for j > k 
by (fO]) it follows by ([531) that (for fc < t) 

Ad (tr^ (y))ykNk = Ad (y^T^' )nj>. Ad (yg^+^ )ykNk 

= Ad (yf/r' )ykNk = yk/y.+iNk 

□ 

Given a period map _F(zi, . . . , z^) with local normal form (|2.2p let 

Foo(z.+i, . . . , z.) = e^.>' "^^^e^\Foo (8.6) 

be the limit mixed Hodge structure obtained by degenerating the variables zi , . . . , z^ 
in F{z). Then, {Foo{z,,+i, . . . , z^), W'') is an admissible variation of mixed Hodge 
structure. Let 

l'^^{{z,+i,...,Zr)eU''-'\x,+ i,...,Xre[0,l], y,+ l > ■ ■ ■ > Vr > I } (8.7) 

Then, by Corollary ()7.34p . for any sl2-sequence z(m) — (zt+i(m), . . . , Zr{m)) £ 
the filtration 

i^oo(;^.+i(m),...,z,(m)) =i:i(2;)e^.>''^^-^^er'(^).f^oo (8.8) 

converges to a filtration in the corresponding classifying space M-c. Furthermore, 
the filtration F[^ depends only on the limiting values of it+i(m), . . . , trijn). 

Lemma 8.9. Let (zt+i(m), . . . , Zr{m)) G /' he an s\2-sequence. Let F\^ G M.^ be the 
associated limiting filtration constructed above. Then, the data {Ni, . . . , Ni_, F<^^ W) 
generates an admissible nilpotent orbit. 

Proof. Since {Ni, . . . ^Nr,Fao:W) generates an admissible nilpotent orbit, all of 
the required relative weight filtrations exist. Accordingly, we can assume that 
F[zi, . . . , Zr) is an effective variation of pure Hodge structure of weight £. 
Let 

P,(i)=Ad(t:i(y))(^iyjNj). (8.10) 

Then, Lemma (|6.3p applied to the nilpotent orbit generated by (iV^+i, . . . , Nr^ Foc^W-) 
asserts that P,,{t) is a polynomial in non-negative, half- integral powers of it+i, . . . ,tr. 
Let {F^,W) = {e~^.Foo,W'') be the sis-splitting of (i^^o, W^O- Then, by Lemma dm , 

e.(<) = Ad(t:i(y)e (8.11) 
is a polynomial in non- negative, half-integral powers of tt+i, . . . ,tr. Accordingly, 
Foo(z.+i,...,^r) = e^'(*)(Ad(t:i(y))er'(^))e«'«.Fo, (8.12) 
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where Ad (t^ ^(y))e^'(*'^ converges along any sl2-sequence [apply Corollary ()7.3ip to 
the variation {Foo{zu+i, ■ ■ ■ , Zr), W^)]. Consequently, 

Ft^^e^^.F^ (8.13) 

where 

e^^ = lim e^'(*)(Ad(tri(y))e^'("))e«'('' (8.14) 

Moreover (see equation (j7.5l) ). since A'^^+i, . . . ,Nr, and ^ all belong to the sub- 
algebra q n (n^^;^ ker(adNk)), it follows from Corollary (|8.3p that 

71, e q n ker(adNi) n • ■ ■ n ker(adNj (8.15) 

In particular, by virtue of equations ()8.13p and (jS.lSp it follows that Ni, . . . ,Nc are 
horizontal with respect to F\f. 

By Theorem (2.3) of |CK89j . to complete the proof, it suffices to show that 

is a nilpotent orbit of pure Hodge structure. To this end, let a be a positive real 
number and = a{Ni + ■ • ■ + TVJ. Observe that since 

F,(z) = e^^<' ^^^^Foo(z,+i,...,z,) 

is an admissible variation of mixed Hodge structure so is 

Ft(z„...,z.)=e^'^tei:.>.^.^.er'(^).i^^ 

(here we can use |Kas86j to derive the existence of the required relative weight 
filtrations since N-f belongs to the interior of the cone generated by iVi, . . . , iVj. 
The associated nilpotent orbit of F^ is generated by (A^|, A^^+i, ■ • • , Nr, Foo,W). 
Let tf(y) be the associated semisimple operator. Then, 

my) ^ tf'^U.iy) 

Let Pt(i) = Ad(t-i(y))(iy,Nt +iEj>. YjNj) and ^^{t) = Ad(t-i(y))e Then, 
F^iz„...,zr) = t-\y)e'y'^^e'^^>^y^''^e^'.F^ 
= e^t(*)(Ad(t-i(y))er')e«t(').Foo 

Let z-^{m) = (zt(TO), . . . , Zr(m)) be the sl2-scquence obtained from the sequence 
{zi,+i{m), . . . , Zr{m)) by setting Zc(m) ~ z^^i{'m). Applying Corollary (|7.34p to 
F^{z^{m)), we then obtain an associated limit filtration F^ £ M. 

Regarding the filtration Flj^, we note that since tt(m) = y L+i{m) / y ^{m) = 1 along 
the sequence Zf(m) it follows that tf(j/) = along z^(rn). Therefore, the limits 
of Ad (t!|r"'^(y))e'"' and i]{t) along Z|(m) coincide with the limits of Ad (t^-'^ (y))e'"' 
and ^t(t) along the original sequence (214.1(771), . . . , Zr{'m)). Likewise, along Z|(m), 

Pt(i) = Ad (tri(y))(iy,Nt + i^ yjNj) = iNt + P.(t) 
since Ad (t.^i (y))y,N| = N| by Lemma (gH). Therefore, 

In particular, since iV| = a{Ni + • • • + iVj with a > arbitrary, it follows that 
gz(A'iH i-^t) J7j^ is a, nilpotent orbit of pure Hodge structure. □ 
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9. Proof of Theorem (|2.29p 

In this section we prove Theorem ()2.29|) by induction on dimension r of the base 
A*''. For r = 1, Theorem ^(TI^ foUows from Corollary ((71^ . 

Accordingly, assume that r > 1 and let z{m) be an sl2-sequence. Let l be the 
smallest index such that y{m) has non-polynomial growth with respect io l. If t = 
or t = r, Theorem (|2.29|) along z{m) follows from Corollary ()7.18p . Therefore, we 
can assume that r > 1 and < i < r. Therefore, by Theorem (|7.10p it follows that 

Y(F(z(m).W) " Y(FA.z(m)).W) " ^ 

and hence the proof of Theorem (I2.29|) is reduced to the case of period maps of the 
special form F^{z). 

. As in section m let us define 

Foo(z.+i,...,z.) = e2:.>^ -^^^e^'-Foo 

Then, 

F,{zi,...,zr) = e^:-- "^-^^e^'.Foo 

where the last step is justified by Lemma (|8.4p . 
By equation ((51^ 

F^z.+i, . . . , = e^'(*)(Ad (t:i(y))er'(^))e«'«.Foo 

Moreover, by (|8.13p . along the sequence (zt+i(m), . . . , Zr{m)), 

Foo{z,+i{m), . . .,Zr{m)) -Ft, = e''KFoo 

Define 

= q n ker{ad Ni) n • • • n ker(ad N,) 
Then, tracing through the proof of Lemma (|8.9p it follows that the function 

e^'(*)(Ad(t7i(y))er'(^))e«'(') 

takes valued in 0, and hence so does its limiting value 7t] along (z^^i^m), . . . , Zr{m)). 
Let 

g7(^.+i,...,^.) =e^'(*)(Ad(t7i(y))e^'("))e«'(')e-''* (9.1) 

Then, Foo(z.+i, . . • , z,) = e^(-'+i----).F^, with 

7(z,+i(m),...,z^(m)) ^0 (9.2) 

By Lemma (|8.9p . the data (A^i, . . . , iV^, 14^) defines an admissible nilpotent 
orbit, and hence by Lemma (|8.ip there exists a neighbourhood Oo of zero in such 
that for every v G Vo the data (iVi, . . . , N^, .F\^, W) defines an admissible nilpotent 
orbit. Shrinking Do as necessary, we can further assume that there exists a common 
constant c such that if Im(zi), . . . , Im(zt) > c then 

e^^^' "^^^e'^.F^ e 7W (9.3) 
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In particular, by ()9.2p . there exists index mo such that 

j{z,+i{Tn),...,Zr{m)) e Vo 

whenever m > rrio. 

Corollary 9.4. Combining the above equations, it follows that along the given 
s\2-sequence z{m), we can write 

F,{z) = e^(^)i,(y)e*^'=<'(^'=/^'+i)^'=e''("'+i'-"'-).F^ (9.5) 

with 7(zt_|-i(m), . . . , Zr{m)) taking values Oo for m > TOq. 

Consider now the sequence y{m) = (yi{m), . . . ,y^{m)) obtained by setting 

yj(m) = yj{m)/y,+i{m), (9.6) 

Then, since y(m) = {yi{m), . . . ,yr(jn)) is an sl2-sequence it fohows that y{m) is 
also an sl2-sequence in variables. Therefore (see definition (|2.26p ) we have 

y{m) = T{v(m)) + b{m) 

for some linear map T : M.'^ ^ W, some strict sl2-sequence v{m) G R'' and a 
convergent sequence 5(m) G M\ Accordingly, 

d 

N{y{m)) = N{0^)dj{m) + N(b{m)) 
i=i 

where N{9^), . . . ,N{6'^) and N{b{m)) belong to the real subalgebra b-R of gener- 
ated by Ni, ...,N,. 

Let N(b{m)) — )■ N{bo) and bo be a neighbourhood of N{bo) in the complexifica- 
tion be of bR. Then, for any a G bo and any G Oo, the data {N{9^), . . . , iV(0'*); e^e'^.Ft,, 
generates an admissible nilpotent orbit (with slightly larger c to compensate for a, 
see (|9.3p ). We therefore define 

As in the proof of Corollary (|7.18p . it then follows via Lemma (|2.23p that for fixed 
a and v as above, 

along any strict sl2-sequence in the variables vi, . . . ,Vd- 

By Theorem (0.5) of |KNU08] . there exists a constant h such that if n = 
W2/W1, ■■■,Td = 1/vd G (0, 6) then 

Y{F(vi,...,va;a,^),w) ^ exp{u{T; a, ly)) .Y (ly) (9.7) 
where w(t; a, v) has a convergent series expansion 

u{t; a,v)=Y, u^n{a, vW^^^rf'^ (9.8) 

m 

with constant term 0. Furthermore, by Theorem (10.8) of |KNU08| . the coefRcients 
it„i(a, v) are analytic functions of a G bo and v G Do- 
Corollary 9.9. Let v{m) =^ 7(z,,_|_i(m), . . . , Zr{m)) and a{m) = N{b{m)). Then, 

YiF^Mm)),w) = e^(-("»t,(y(m))e"(-('")^"(™)^'^(™)).y(z.(m)) (9.10) 
where Tj{m) — Vj-\-i{m)/vj{in) for Vj{m) — Vj{m). 
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Proof. Combine equations (|931) . ([9?6l) . and (|9Jl) . □ 

The remainder of the proof of Theorem (|2.29p now divides into two parts de- 
pending on d: 

Remark 9.11. The notation introduced in Corollary (|9.9p will remain in effect for 
the remainder of this section. 

d = 1. In this case, it follows from the definition of non-polynomial growth that 

T-i{m)yt+i{m) 
for any half-integral power e, and hence the sequence 

^r,{m) (t,(y(m)))e"(^i ^ 1 (9.12) 

1 

since the action of Ad (tt(y)) on gc is bounded by a polynomial in y^^i- 

On the other hand, by Lemma (|8.4|) and the properties of Deligne systems it 
follows that 

t,.{y).Y{,.) - r(Ad(t,(y))N(0i),Y(t^(y)e..F,,wo)) 

= r(^/,+liv(^^l),%(,)e..i.,,wo)) 

Now, if {N, Ym, W) is a Deligne system then so is {XN, Ym, W) for any non-zero 
scalar. Furthermore, 

Yi\N,YM)=YiN,YM) (9.13) 
In particular, by the previous paragraph 

t,{y).Y{u) = Y{N{0'),Y^t.iy)e-^,F^^w'))) (9.14) 
Therefore, by equations (|9T0)) . ((9T2t and (|9T4)) it follows that 

e-^^^^"».^^(F.(.M),M^) = e''('").y(A^(0i),f(,^(,(„,)),,.(™).F„H^o)) 

= e''('").y(A^(0i),f(^s,.,, ,r.(.<„„.^^,^^.))) 

By induction, 

and hence combining the above, we have 

e-'^^"^"».^(i.,(.(™)),v^) ^ r(A^(0i), . . . ,y(A^(0'^'),l(;.^,v^.))) 

However, the proof for d = 1 is not yet complete since the elements 9^,..., 6'^ 
constructed this way may differ from the elements constructed in (|2.28p . This 
discrepancy will be resolved at the end of this section. 

d > 1. 

Lemma 9.15. For fixed a and v as in (|9.7p and ti, . . . , r^-i G (0, b) 

exp(u(ri,...,Td_i,0;a,z.).y(z.) -r(^ Lu,Ni0^),Y^,. (9.16) 

for any vector (wi, . . . ,ujd) G M>q such that tj = ujj^i/ujj for j < d — 1. 
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Proof. Let vj — yujj for j = 1, . . . , d. Then, by (|9.7p . 

y(F(vi,-,vr,a,i^),W) = exp(u(Ti, . . . , Td-1, l/{yujd)\a, v)).Y{v) 
On the other hand, 

= ^(e'«S,<i 

Comparing these two equations, it follows that 

exp(u(ri, . . . , Td-i, l/iv^d)] a, v)).Y{v) = Y^^,^^^^^ "^''^"'^e-e- .F^.yv) 

Taking the limit as y — > oo, we then obtain equation (|9.16p using (|2.16p . □ 

Remark 9.17. A priori, u{t; a, v) is only defined for ti, . . . , € (0, b). However, 
via the series expansion (|9.8p . we can extend u to a real-analytic function on a 
neighbourhood of t = 0. By continuity, the formula for u{ti, ... ,Td^i,0) given 
above agrees with the value of u{ti, . . . ,Td_i,0) determined by (|9.8|) . 

For a and u as in (|9.7p . let 

ui(t;q;, J/) = u[Ti,...,Td;a,i') -u(Ti,...,Td-i,0;a,v) 

U2{T;a,iy) = u(ri, . . . , r^.i, 0; a, i/) 

Then, exp(u(r; a, z^)) = exp(iti + U2) where ui is divisible by Td in the ring of 
real-analytic functions of ti, . . . , r^. Therefore, 

Ad (t,(y)) exp(u(T; a, z.)) = Ad (t,(y))(e"i+"^e-"=)Ad (t,(y))e"^ (9.18) 

where e^i+^^e^"^ — e"^ with U3 again divisible by Td in the ring of real-analytic 
functions in Ti,...,Td. Consequently, as in (|9.12p . it follows that if ri{m) is the 
sequence defined by the equation 

e''-Ad(t,(y))(e"-^) (9.19) 

along z{m) then r]{m) 0. 
Lemma 9.20. 

e-^^^^"^y'"'^"^^-'''^"^^\Y{u{m)) = Y{J2 z;,(m)iV((?-'), Y(,„,„,.^^,^.)) 

Proof. Use Lemma (j9.15p with ujj{m) — Vj{m). □ 

Accordingly, by the previous Lemma and equations ()9.10p . ()9.18p . (|9.19p it fol- 
lows that 

e-^(^('"».Y(i.^(^(„)),VV) = e"("')i,(y(m))e"^(^('")'"("''''(™».f(i^(m)) 

= e''(")i,(y(m)).r(^ «,(m)A^(0^), %..(„,.^^^^.)) 

Therefore, using Lemma (|8.4I) and our freedom to rescale N{9^) XN{9^) it follows 
that 

t,{y{m)).YC£v,MN{On,YieH^^.F,,w^)) 

3<d 

= YiJ2 v,{m)N{en,Y^,^,,^ -.~.era.,.F^,v^.)) (9-21) 

j<d 
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and hence 

j<d 

(9.22) 

Corollary 9.23. // 

j<d 

then e-^(-(")).Y(f,(,(,„)),v^) ^ i"o. 

Proof. This fohows from (19.22^ since ?7(m) — 0. □ 

Thus, to complete the proof it remains to compute the hmit (I9.24p . To this end, 
observe that by induction, 

%'^,>.^y.-.er.is,,p^^w.)^Y^ ^Y{N{e''+^),...,Y{N{e''')S(F^^wn)) (9.25) 

Consequently, there exists a unique Wi]^gl(T^)-valued sequence /3(m) which con- 
verges to zero such that 

along z{m). 

To continue, note that since Y^^-^.-^^ *«j"j eras) f w^) ^'"^^^^ from the sl2-splitting 
of the limit mixed Hodge structure of the nilpotent orbit 

(zi, . . . , zO ^ e^. -^■^^■.(e^.>' ^^^^^er^('^).Foo) 

it follows that 

(a) [A^j,e'3.yt] = _2iV^- for j < t; 

(b) e^'.rt preserves W^,...,W'. 

On the other hand, by ([9?25|) and the results of [KNU08| we know that Y^ = 
^(Fo,H") arises via the limit mixed Hodge structure of a nilpotent orbit 

we also have 

(a') [7Vj,F^] = -2Nj for j < l; 
(b') preserves W°,...,W'. 

Indeed, for fixed (zi, . . . , z,,) with sufficiently large imaginary part, the map 

(z,+i,...,z,) H^e^. '^^^.F^ 

is a nilpotent orbit. Therefore, since (z, (m), Zr(m)) is an sl2-sequence, we 
obtain an associated nilpotent orbit with data 

(A^i, . . . , iV„ N{e''+'), N{0'''), F^, W") 

The point F^ is then obtained by applying the SL2-orbit theorem to the nilpotent 
orbit generated by 

{N{e''+'),...,N{e^'),F^,w') 

to obtain a split mixed Hodge structure {Fo, W ). 
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Remark 9.26. As in the remark to Theorem ()2.29|) . we are implicitly assuming 
that Uj (m) — )> oo for all j . The case where some yj (m) remain bounded is handled 
by absorbing these factors into i^oo- The details are left to the reader. 

In particular, comparing (a) and (a') it follows that 

[e/3(™).yt _ y\Nj] =0, j<L (9.27) 
Since grades W- and /3 € Wii 0((V'), we have 

/3(m)=^/?,(m) 

where Pj{m) belongs to the j-eigenspace of adY^. Consequently, it follows from 
(|9.27p and the previous equation together with the fact that adNj lowers the 
eigenspaces of adY'l' by 2 that 

[fi{m),N,]=Q, j<i (9.28) 

Likewise, it follows from properties (6) and {h') that 

I3{m) preserves W\ j < i- (9.29) 

By the functoriality of Deligne systems, it follows from (I9.28[) and (|9.29p that 

j<d 

= Vjim)N{e^),e>^^"'\Y'') = p/("\r(^ Vj{m)N{e^),Y'') (9.30) 

j<d 3<d 

Moreover, by the properties of Deligne systems, 

y(^ vM)N{e^),Y^) = r^^.E,<. .,(™)«(.^) ^„ (9-31) 

Letting m — ^ oo and using (|2.16p to compute the right hand side shows that 
Y{Y,v,{rn)N{9^).Y^)^Y{N{e^),...,Y{N{e''),Y(P^^^^.))) 

Therefore, since (3{m) — > and 

nF.,w^) = rt = Y{N{e'+'), Y{N{e''),YiF^^^.^)). 

it follows that from equation (I9.30p that 

YiJ2 v,{m)N{e'^),Y^^j:^,, .y^.^ ^^^^^,^) ^ Y{N{e'), . . . ,Y{N{e^'),Y^p^^wn)) 
j<d 

Returning to Corollary (|9.23p it then follows that 

e-''^^^"'^lY^Fi.im)),w)^YiNie'),...,Y{N{e''),Y^p^^wn)) (9-32) 
as required. 

To complete the proof, we note that the elements 9^, ... ,6'^ constructed above 
depend on the sequence z(rn) and not the period map. Consequently, it follows 
from that 

e --f (_F(z(m)),W) - e ■J^(e"(-("')).Foo,VK) - U (9.33) 
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for every sb-sequence since both F{z) and e^*^^^.i^oo have the same Umit Hodge 
filtration. On the other hand, by Lemma (|7.17p . we know that (|2.30p holds for 
nilpotent orbits. Thus, by virtue of equation (I9.33|) . equation (j2.30p is also true for 
period maps. 
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